Abstract-We present the study of phase, amplitude and phase-orbital correlation noise in an idealized ring oscillator. The results are based on the Floquet theory for fluctuation estimation in an autonomous circuit. The chosen structure allows for fully analytical calculations, thus providing closed form, albeit approximate, expressions of the complete noise spectrum. This complements recent results wherein the phase noise component only was calculated.
I. INTRODUCTION
Ring oscillators are an extremely important class of autonomous circuits from the standpoint of practical applications [1] , and therefore have been thoroughly studied as far as phase noise is concerned (see e.g. [1] - [4] and references therein), making use of both well established and more advanced analysis techniques. However, little attention has been given to the amplitude noise components, mainy because they become important far from the oscillator harmonics only. On the other hand, in particular in presence of a strong adjacent channel, amplitude noise might have a significant impact on the dynamic range of the receiver [5] .
The most advanced technique currently available for phase noise estimation is the nonlinear perturbation approach presented in [6] taking into consideration white noise sources only, and later extended to account for non white sources (such as generation recombination and flicker noise) [7] , which is based on a rigorous solution of the phase fluctuation stochastic differential equation derived assuming a decomposition of the fluctuating state variables into phase and orbital noise components defined by projecting such variables along the adjoint Floquet eigenvector associated to the zero Floquet exponent of the noiseless oscillator solution. The nonlinear perturbation approach was however derived assuming negligible orbital fluctuations. We have recently completed such a theory by deriving the spectra components associated to orbital-orbital and phase-orbital correlation under the assumption that amplitude noise is a first order perturbation of the autonomous system limit cycle: exploiting the same definition of phase fluctuation as in [6] , we were able to prove that the stochastic characterization of phase noise derived in [6] still holds even if first order orbital fluctuations are taken into account [8] , and to explicitly calculate the spectra by solving the corresponding stochastic equation [9] , [10] .
II. FLOQUET THEORY PRIMER
We briefly recall here the basics of Floquet theory, basically to define the quantities of interest in the noise spectrum evaluation. We consider here the simpler case of an autonomous circuit described by an ordinary differential equation of size :
The extension to the more general case of an algebraic differential equation can be found in the literature (see e.g. [11] ). We assume that (1) admits of a non trivial -periodic solution x S ( ) (limit cycle), and linearize (1) around x S ( ) obtaining the linear, periodic time-varyin system
where C( ) is a -periodic matrix corresponding to the jacobian of f calculated in x S ( ). The adjoint system of (2) is
where T denotes the matrix transpose. Floquet theory shows that the solutions of (2) and (3) are linear combinations of the functions:
where are the Floquet eigenvalues or exponents (FE) of the limit cycle, and u ( ), v ( ) are the -periodic direct and adjoint Floquet eigenvectors. The solution of (2) is given by z( ), while w( ) solves (3). Since for an autonomous system one of the FE is always equal to zero, we assume 1 = 0.
III. CIRCUIT EQUATIONS
We consider here the same idealized oscillator as in [2] (see Fig. 1 ), where the three inverters are ideal, symmetric and memoryless, while all the dynamical effects are embedded into the and elements. This circuit has been chosen since a fully analytical evaluation of the direct and adjoint Floquet eigenvalues is possible, thus extending to the estimation of orbital noise the results in [2] . The three state variables of the circuit are voltages ( ) ( = 1, 2, 3) across the three capacitors, and the state equations are expressed, in time domain, as [2] ⎡
where = and the nonlinear function ( ) is the transfer function of the idealized inverter
According to [2] , the steady-state solution
= 6 ln is the oscillation period and = (1 + √ 5)/2. The corresponding Fourier coefficients are given bỹ
Assuming that resistance thermal noise only is present, the noise source is expressed as in [6] , [9] with a stochastic forcing term Bb( ) at the right hand side of (1) where b( ) is made of three uncorrelated unit white gaussian processes and
In (9) B is Boltzmann's constant, a is the ambient temperature and I is the 3 × 3 identity matrix. Notice that B is, in this case, constant, thus allowing for a significant simplification of the expressions for phase and orbital noise. The basic ingredients for the estimation of the ring oscillator full noise spectrum are the Floquet direct and adjoint eigenvectors, and the associated Floquet eigenvalues. Part of this analysis was carried out in [2] , where however only the direct and adjoint eigenvectors associated to the zero FE were considered because phase noise only was evaluated. We shall now calculate all of the direct and adjoint eigenvectors of the linearization of (5) around the limit cycle (7).
IV. THE DIRECT LINEARIZED SYSTEM
Linearization of (5) around x S ( ) yields [2] 
where the -periodic system matrix is
The three functions are defined, over the period ∈ [0, ], by
System (10) 
whose eigenvalues are the Floquet multipliers of (10): exp( 1 ) = 1, exp( 2 ) = −6 and exp( 3 ) = −12 . The corresponding Floquet exponents are therefore 1 = 0, 2 = −1/ and 3 = −2/ . Notice that, according to Floquet theory [12] , the Floquet multipliers are the reciprocal of the eigenvalues of the monodromy matrix for the adjoint system calculated in [2] .
The corresponding eigenvectors are derived as the solution of (10) using three initial values guaranteeing the biorthonormality condition with the adjoint eigenvectors. Such initial conditions are represented by the columns of the matrix:
Since in the orbital noise evaluation only the frequency components of the eigenvectors are used, we avoid including here their explicit time dependence. The first eigenvector u 1 ( ) has the Fourier coefficients 
while for u 3 ( )˜3 
V. THE ADJOINT LINEARIZED SYSTEM
The adjoint system associated to (10) is [2] 
As discussed in [2] , (20) can be integrated analytically. The proper set of initial conditions required to yield a biorthonormal basis with the u ( ) vectors is given by the columns of the matrix
in fact a direct calculation shows that V T (0 − )U(0 − ) = I. Also in this case we report here only the Fourier coefficients of the corresponding eigenvectors. For the adjoint eigenvector associated to 1 = 0 (the Projection Perturbation Vector in [2] ) we find
The second adjoint eigenvector is
where
Finally, the frequency components of v 3 ( ) arẽ
VI. NOISE SPECTRUM Substituting (8) , (9), (15)- (19) and (22)- (26) into the equations yielding the total oscillator noise spectrum [9] , [10] we can evaluate the full noise spectrum of the ring oscillator. The phase noise term, according to [6] and [2] , is described by the mean square jitter per unit time due to resistive thermal noise, which in turn is given by the coefficient:
Since the DC component of v 1 ( ) is zero (see (22)), we have from [9] , [10] that the part of the spectrum due to phaseorbital correlation is null.
For the sake of completeness, we report here the general expression [9] , [10] for the orbital noise component
where:
CoefficientsX ℎ are the harmonic components of x S ( ), whileŨ andΛ T are the Fourier coefficients of u ( ) and v T ( )B( ), respectively.
VII. EXAMPLE
We consider here as an example a ring oscillator characterized by = 1 ns and = 1 kΩ. The total noise spectrum as a function of the absolute frequency (the output variable is the first state variable 1 ( )) is shown in Fig. 2 , while the behaviour as a function of the offset frequency around the fundamental is reported in Fig. 3 . Also in this case, in agreement with [13] , the orbital contribution is responsible for the asymmetry of the spectrum with respect to the harmonics of the oscillation frequency, even though for this example the phase-orbital correlation is null. Furthermore, the even frequency components of v 1 ( ) and u 1 ( ) are zero, thus explaining why phase noise has peaks only around the odd harmonics of the fundamental. 
